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Introduction 
Gears are the main components of the transmission systems 
of mechanical power. The spiral bevel gears are critical 
components of machines used in the vast majority of 
automotive differential gearboxes. The fatigue strength of 
each gear is significant due to the high demand of 
maximum power, safety and weight. The failure of a gear 
during the operation is reflected not only in a higher 
replacement or repair cost, but also in the system downtime. 
Therefore, the early detection of the equipment failure plays 
an important role in saving such costs. Due to advances in 
technology, many procedures have been developed to study 
the behavior of geared systems before the failure. The 
analysis by the computational finite element method is one 
of them, since it is widely used to carry out structural, 
fatigue, modal and harmonic analyzes of gear transmission 
systems. For example, in the eighties a software based on 
the finite element method was developed to calculate the 
stresses in the teeth of bevel and hypoid gears [1]. 

Similarly, another approach developed an algorithm using 
a combination of finite elements and a surface integral 
method to predict the distribution of contact stresses and 
deformation in gear teeth, the results obtained were 
compared with other methods [2]. Also, fatigue by contact 
on the teeth surface and fatigue by bending at the root of 
the teeth have been analyzed [3], for this a three-
dimensional finite element model of a pair of spur bevel 
gears based on the cumulative fatigue criterion and the 
stress-life equation is proposed. Finding, that the maximum 
fatigue by contact occurs near of the pitch line and the 
maximum bending stress occurs at the highest point of 
contact of a single geared tooth. Demonstrating that the 
previous stresses are directly proportional to the operating 
torque. Recently, analysis and test results of a differential 
gearbox of an automobile have been reported [4-6]. The 
authors perform a static and dynamic analysis of various 
bodies of the Mahindra-Bolero car's differential gearbox 
assembly, determining the limiting torque at which the 
gearbox fails. On the other hand, they also propose an 
experimental arrangement to determine the durability due 
to fatigue of spiral bevel gears using an approximation 
based on noise and vibration. Also, they carry out tests on 
a pair of spiral bevel gears to verify their suitability 
according to your work requirements, executing several 
duty cycles before failure. Finally, another of his results 
consisted in measuring the change in the noise 

In this work, a numerical methodology is implemented applying the computational finite element 
method for a pair pinion-crown of bevel gears in spiral of the differential system of a compact Sport 
Utility Vehicle (SUV), with the objective of establishing a criterion of the results to characterize the 
failure of the gear pair during its operation. To do this, from a CAD model obtained by 3D scanning, 
the numerical results of the structural case are compared by correlating the transient, fatigue, modal 
and harmonic studies between a pair of gears without damage and another pair with a damaged 
(chipped) tooth on the pinion. It is observed that from the harmonic response of stress and 
vibration, a criterion can be established to differentiate the new pair of gears from the damaged pair, 
the latter presenting a frequency response pattern with high values with respect to the first. The 
above may be a reference option for detecting the failure of spiral bevel gear pairs used in 
automobile differential system. 
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characteristics and vibrations produced by the pair of spiral 
bevel gears after a specific number of duty cycles, which 
can be used as a basis for the early detection of gear failure. 
From the previous works, it can be seen that the finite 
element method analysis for spiral bevel gears is recent and 
not yet fully developed, in contrast to the cases of analysis 
involving straight tooth bevel gears. This may be due to the 
complex shape and geometry of spiral bevel gears, which 
makes very difficult to carry out modeling and analysis by 
computational mechanics. Therefore, as a further 
contribution in the field, in this work a numerical 
methodology is implemented applying the finite element 
method for a pair pinion-crown of bevel gears in spiral of 
the differential system of a compact Sport Utility Vehicle 
(SUV), the main objective consists in establish a new 
criterion based on the numerical results to characterize the 
failure of the gear pair during its operation. 

Methodology 
To estimate the durability or useful life and the early 
detection of the failure of the spiral bevel gear pair during 
its operation, a methodology is proposed that consists of 
comparing the numerical results of the computational finite 
element analysis between a pair of gears without any type 
of damage or wear respect to another pair with a damaged 
(broken) tooth on the pinion. The computational mechanics 
analysis consists of the modeling of the transient, fatigue, 
modal and harmonic analysis of the pair pinion-crown of 
bevel gears in spiral of the differential system of a SUV 
(Honda CRV-2000), see Fig. 1. The CAD design of the gear 
pair was carried out by 3D scanning of the physical 
components corresponding to the differential shown in  
Fig. 2, the number of teeth on the pinion is 8 and on the 
crown is 39. 
 

         
Fig. 1. (a) Real assembly of the differential system of a SUV and (b) view 
of the pair pinion-crown of bevel gears in spiral [7]. 

 The computational finite element simulation was 
carried out considering primarily the following parameters: 
the contact surfaces between the teeth of the pinion and the 
crown were defined "without separation", for the axis of the 
pinion and the center of the crown they are considered 

frictionless supports and for fatigue analysis the load cycle 
is totally reversible applying Goodman's theory. For the 
transitory analysis, the input movement is applied to the 
pinion and in 5 seconds it will move 120°, for a torque 
applied to the pinion of 1000 N⋅mm. The most used 
material for spiral bevel gears in car differential boxes is the 
steel AISI / SAE 4140. It is a high tensile strength steel with 
the following composition and mechanical properties [8]: 
Carbon-0.4%, Manganese-0.8 %, Chromium-0.95% and 
Molybdenum-0.25%; maximum tensile strength 1000 MPa, 
yield strength 800 MPa and density 7.9×103 kg/m3. The 
limit of the S-N curve for estimating cycles to failure due 
to fatigue is N<106 cycles [9]. 
 

  

 
Fig. 2. (a) Real physical component corresponding to the pinion, (b) CAD 
model of the pair pinion-crown of bevel gears in spiral obtained by 3D scan 
and (c) model of the gear pair with a damaged (broken) tooth on the pinion. 

Discussion of results 
Transitory analysis 

From this analysis, it is found that the maximum average 
von-Mises stress in the pair of spiral bevel gears without 
damage is 650 MPa and occurs at the edge of the pinion 
teeth that is in contact with the crown (Fig. 3(a)). For the 
case of the damaged gear pair, the maximum average value 
of the von-Mises stress exceeds 800 MPa (Fig. 3(b)). From 
this, it is clear that the part that is most prone to failure in a 
spiral bevel gear pair is the pinion. Note that the damaged 
gear pair has a higher stress magnitude. 
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Fig. 3. (a) Maximum von-Mises stress on the pinion of the undamaged 
gear pair and (b) Maximum von-Mises stress on the pinion of the damaged 
gear pair. 
Modal analysis 

The fundamental natural frequency for the undamaged  
gear pair was found to be 365.16 Hz (Fig. 4(a)), while for 
the pair with a broken pinion tooth it was 420.76 Hz  
(Fig. 4(b)). Comparing the natural frequency values, it can 
be seen how the frequency of the damaged gear pair is  
55.6 Hz more than that of the undamaged gear pair,  
which shows that the characteristic vibration of the 
undamaged gear pair with respect to the damaged one will 
be different when are measured experimentally. Within the 
framework of this analysis criterion, the numerical 
simulations show the increase in the difference of 
frequency values, 2273.9 Hz and 3715 Hz for the second 
and third vibration modes, respectively (see data in Fig. 9). 
On the other hand, in Fig. 4 it is interesting to note for the 
case of the damaged gear pair the increase in the 
distribution of the critical deformation mapping. Therefore, 
by continuously comparing and measuring noise and 
vibration, the opportune detection of gear failure can be 
realized. Consequently, the physical condition of the 
pinion-crown pair (new, used or damaged) can also be 
known by comparing the noise and vibration 
characteristics. 
 

 
 

 
 
Fig. 4. (a) Fundamental natural frequency and critical deformation 
mapping of the pair of bevel gears without damage and (b) Fundamental 
natural frequency and critical deformation mapping of the pair with a 
damaged tooth on the pinion. 

Fatigue analysis 

The fatigue analysis is performed with a zero-based load 
cycle, because when the teeth gear, each tooth experiences 
a bending load and when disgear the load is released and 
becomes zero. From this analysis, for the pair of gears 
without damage, it is found that the number of cycles that 
the pinion can withstand before failure is 106 cycles, which, 
for several authors, is considered as an infinite life, with an 
average safety factor of 3 (see Fig. 5). The value of the 
maximum equivalent alternating stress is 176 MPa (see Fig. 
6). Regarding the pair of gears with damage, Fig. 7 shows 
an average life of 105 cycles (finite life) and an approximate 
maximum dominant safety factor of 1. With an average 
value of alternating stress that exceeds 800 MPa in the 
contact area between the teeth and at the base of the pinion 
shaft, shown in Fig. 8. Based on the previous results, it is 
important to note that, for the damaged pair of spiral bevel 
gears, its mechanical components may fail due to breakage 
prematurely under the action of fluctuating stresses, whose 
values may even be much lower than the yield point of the 
material, that is, the material may fail without its internal 
stress level having reached the critical values 
corresponding to those caused by stresses of the type static. 
This also makes it possible to differentiate the new gear pair 
from the damaged pair. 

  
Fig. 5. (a) Number of cycles to the failure and (b) Fatigue safety factor of 
the pair of spiral pinion-crown bevel gears without damage. 
 

 
Fig. 6. Equivalent alternating stress of the pair of spiral pinion-crown 
bevel gears without damage. 
 

  
Fig. 7. (a) Number of cycles to the failure and (b) Fatigue safety factor of 
the pair of spiral pinion-crown bevel gears with a damaged tooth on the 
pinion. 
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Fig. 8. Equivalent alternating stress of the pinion-crown spiral bevel gear 
pair with a damaged tooth on the pinion. 

Harmonic response 

The values of the resonance frequencies obtained from the 
modal analysis for the first 3 modes of vibration (sometimes, 
the only desired modes are those corresponding to the lower 
frequencies because they may be the predominant modes in 
the vibration of the system) of the pairs bevel gears without 
damage and with a damaged tooth on the pinion are shown 
in Fig. 9, respectively. And the comparison of the harmonic 
response between both pairs of gears is shown in Figs. 10 and 
11. From the graphs, it can be seen that the amplitudes of the 
vibration (1 G = 9.81 m/s2) and of the stress present a greater 
magnitude for the damaged gear pair and this is very 
pronounced in terms of the characteristic peak of the second 
mode of each gear pair. Notice that the acceleration and stress 
frequency amplitude response for the third mode of vibration 
increases (see case no-damage), this trend is due to the 
increase in frequency. For the case with-damage, numerical 
convergence could not be reached, but it is possible to 
observe this trend with the results shown in previous sections 
(see deformation mapping in modal analysis). Regarding the 
first mode, we can notice in both cases a very small peak 
value with respect to the second and third mode, it can be 
seen that the magnitude of the peak for the pair of new gears 
is approximately double with respect to the damaging pair. 
Then, the numerical simulations show that from the 
harmonic response, the new gear pair can be differentiated 
from the damaged one. This comparison fulfills the main 
objective of this research, which is to design and establish a 
simulation methodology using computational mechanics to 
estimate the useful life and early detection of failures for a 
pair pinion-crown of bevel gears in spiral of the differential 
system of an automotive powertrain during operation. From 
which it can be concluded that by comparing the 
characteristic values of noise and vibration between pairs of 
new and damaged spiral bevel gears, a criterion for the 
detection of their failure can be obtained. 

 

Fig. 9. (a) Resonance frequencies for the first 3 vibration modes of the 
pairs of spiral bevel gears without damage and (b) with damage. 

 
Fig. 10. Vibration-Frequency amplitude response. 
 

 
Fig. 11. Stress-Frequency amplitude response. 
 
Conclusion  
From the above results, for the case of a new pair of spiral 
bevel gears used in the differential system of a Sport Utility 
Vehicle (SUV), the equivalent maximum von-Mises stress 
was found to be 650 MPa, which is maintained within the 
permitted limits, since the yield strength of AISI 4140 steel 
is 800 MPa. From fatigue analysis, the gear pair showed 
infinite life, a safety factor of 5, and a maximum equivalent 
alternating stress of 176 MPa. In contrast to the results 
obtained for a pair of spiral bevel gears with a damaged 
tooth on the pinion, which indicate stress states outside the 
elastic limit of the AISI 4140 steel and failure due to 
premature rupture under the action of fluctuating stresses 
(finite life 105 cycles and approximate safety factor of 1). 
From the modal analysis, the fundamentals natural 
frequencies of the new gear pair with respect to the 
damaged pair differed by 55.6 Hz, 2273.9 Hz and 3715 Hz 
for the first 3 vibration modes, respectively. The above 
demonstrated that by comparing the characteristic values of 
noise and vibration it is possible to detect a system failure. 
Namely, the stress and vibration frequency response 
diagrams of the harmonic analysis showed that the 
maximum (peak) amplitude values are higher for damaged 
gears than for new ones. Therefore, the method proposed in 
the present work allows stablish the foundations for the 
detection of failures of pairs of spiral bevel gears used in 
the gearbox of the differential system of an automobile 
through the use of computational mechanics. All of the 
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above even allows to generate a record of spectra as the 
transmission system suffers wear and observe its evolution 
in more detail, this fact leads to the reduction of failure by 
allowing to implement preventive maintenance measures 
during the operation of the mechanical system. 
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Graphical abstract 

Starting from a CAD model of a pair pinion-crown of bevel gears in spiral 
of the differential system of a compact Sport Utility Vehicle (SUV) 
obtained by 3D scanning, a numerical methodology by analyzing 
harmonic vibration spectra is implemented applying the computational 
finite element method with the objective of establish a criterion of the 
results to characterize the failure of the gear pair during its operation. 
 

 


